Abstract Most practical constructions of lattice codes with high coding gains are multilevel constructions where each level corresponds to an underlying code component. Construction D, Construction D ′ , and Forney's code formula are classical constructions that produce such lattices explicitly from a family of nested binary linear codes. In this paper, we investigate these three closely related constructions along with the recently developed Construction A ′ of lattices from codes over the polynomial ring
Introduction
Connections between lattices and linear codes are classically studied (see e.g. [4] ). Lattices constructed from codes often inherit certain properties from the underlying codes and have manageable encoding and decoding complexity. In particular, Construction D and D ′ of Barnes and Sloane [2, 4] produce lattice packings from a family of nested binary linear codes where artificial "levels" are created by using an increasing power of 2. These constructions are well-known for the construction of Barnes-Wall lattices from Reed-Muller codes.
In the classical definition of Construction D and D ′ [2, 4] , there are restrictions on the minimum distance of the codes being used. Nonetheless, new classes of codes and recent applications of lattice codes call for a reinvestigation of these conditions. In particular, Construction D ′ is used in conjunction with low-density parity-check (LDPC) codes to produce what is called LDPC lattices in [12] . Construction D is exploited in [13] , making possible a construction of lattices from turbo codes. In both applications the restrictions on the minimum distance of the codes are lifted and relaxed constructions are studied. Here, we will also consider the constructions without the minimum distance conditions so that our discussions apply in the general case.
Construction by Code Formula is a reformulation of Forney's code formula [5, 6] where the lattice in consideration is decomposed as
where a is the 2-depth of the lattice and C 0 , . . . , C a−1 are binary codes. This decomposition exists for many notable lattices, including E 8 , Barnes-Wall lattices, and the Leech lattices. While Forney initially introduces the code formula as a special case where a lattice can be decomposed completely into a chain of coset codes, many recent applications take interest in using this code formula as a construction and representation of lattices [8, 9, 11, 14] . Often, the code formula as a construction of lattices is also called Construction D. To avoid confusion, we use the term Construction D to refer to the original construction given in [2, 4] and refer to the construction based on code formula as Construction by Code Formula. Indeed, we will show that the two constructions coincide under a certain condition.
Construction A ′ is an extension of Construction A recently proposed by Harshan, Viterbo, and Belfiore [8, 9] . This construction combines codes of different levels in a code formula and generates lattices from a single code over a polynomial ring F 2 [u]/u a . It was shown in [8] that an encoding of Barnes-Wall lattices using Construction A ′ is equivalent to the encoding using the traditional code formula with Reed-Muller codes.
Prompted by this new wave of interest, in this paper we analyze and find connections between the three constructions of lattices from codes: Construction D, Construction by Code Formula, and Construction A ′ . In Section 2, we give the definition for Construction D, Construction D ′ , Construction by Code Formula, and an example distinguishing the three constructions and demonstrating that Construction by Code Formula does not always produce a lattice. Section 3 provides a necessary and sufficient condition for Construction by Code Formula to output a lattice and relates this construction to Construction D. The definition for Construction A ′ is given is Section 4. Here, we discuss the relationships between Construction by Code Formula and Construction A ′ , along with a necessary and sufficient condition for Construction A ′ to produce a lattice. We conclude the paper in Section 5.
Definitions and Example
Let ψ be the natural embedding of F n 2 into Z n , where F 2 is the binary field. We first recall the definition of Construction D and D ′ [4] . Note that we scale Construction D as suggested in [4, page 236] so that the two constructions are comparable. 
where α
be a family of nested binary linear codes where the minimum distance of C i is at least γ · 4 a−i−1 where γ = 1 or 2. Let r i = n − dim(C i ) and r a = 0. Let h 1 , h 2 , . . . , h n be a basis for F n 2 such that C i is defined by the parity-check vectors h 1 , . . . , h r i . Let Λ D ′ be the lattice consisting of all vectors x ∈ Z n satisfying the congruences
for all i ∈ {0, . . . , a − 1} and r i+1 ≤ j ≤ r i .
Although the classical definition of Construction D (resp. Construction D ′ ) requires that the minimum distance of C i is at least 4 a−i /γ (resp. γ · 4 a−i−1 ), it is possible to apply the constructions even when the conditions are not met [12, 13] . In this paper, we will relax these minimum distance conditions since they do not affect our discussions on constructions of lattices. Fundamental parameters of lattices from these relaxed constructions can be found in [12, 13] . The next definition gives a multilevel construction of lattices based on the so-called code formula [5] . 
When a = 1 (i.e., C 0 is the only code in consideration), Construction D, Construction D ′ , and Construction by Code Formula coincide and reduce to what is called Construction A [4] . Hence, Construction A produces lattices from a single binary code, and one may view the three constructions presented here as different generalizations of Construction A. We refer the reader to [4] for other generalizations, such as Construction A for codes over Z q .
Forney states that a lattice is not necessarily expressible using this code formula, but most lattices that are useful in practice are [5] . We will see in Example 1 in addition that the set Γ CF itself may not be a lattice, so we denote by Λ CF the smallest lattice that contains Γ CF . We first state a trivial observation concerning Λ CF . 
Lemma 1 Let
One may observe that Construction D (resp. Construction D ′ ) depends on the choice of generators (resp. parity conditions) of the codes whereas Construction by Code Formula is independent of these choices. We will see in Example 1 that the three constructions produce distinct lattices and Γ CF from Construction by Code Formula may not be a lattice. 
Example 1 Consider the nested binary linear codes
and
Then,
, and
Also,
, and l ∈ Z 4 }.
We will show next that i)
Since every entry of the vectors in ψ(C 0 ) + 2ψ(C 1 ) is at most 3, every element of Γ CF reduces mod 4 to an element in
we can conclude that (2, 0, 0, 0) / ∈ Γ CF and Γ CF is not a lattice. Therefore,
However, since (0, 1, 1, 0) ∈ Λ CF does not satisfy (1), we conclude that
and (4, 0, 0, 0), all of which is in
Hence, we conclude that the lattices Λ D and Λ D ′ are not the same and are strictly contained in Λ CF . We note, though, that in general Λ CF contains Γ CF and Λ D , but not necessarily Λ D ′ .
Connections between Construction D and Construction by Code Formula
In this section, we give an explicit description of the lattices Λ CF constructed using Construction by Code Formula and further relate this construction to Construction D using Schur product of codes. Denote by * componentwise multiplication (known also as Schur product or Hadamard product). That is, for
we have
It is not hard to see that
where additions are taken over the respective spaces. We say that a family of nested binary linear codes
is closed under Schur product if and only if the Schur product of any two codewords of C i is contained in C i+1 for all i. In other words, if c 1 , c 2 ∈ C i , then c 1 * c 2 ∈ C i+1 for all i = 0, . . . , a − 1. We now look at lattice closure of the code formula
2 be a family of nested binary linear codes. The smallest lattice Λ CF containing Γ CF consists of all vectors of the form
It is not hard to see that Λ is a lattice and Λ contains Γ CF . Let Λ ′ be a lattice such that Γ CF ⊆ Λ ′ , and let v ∈ Λ. One may express v as
We conclude that Λ is the smallest lattice that contains Γ CF and hence Λ = Λ CF .
⊓ ⊔
Remark 1
The expression (3) of an element in Λ CF is often not unique.
Note that Construction D depends on the chosen basis
where b 1 , . . . , b k i span C i . Hence, to a choice of codes corresponds (possibly) several lattices. The following corollary states that the sum of all such lattices yields the lattice Λ CF from Construction by Code Formula using the same nested codes.
Corollary 1 Let L be the set of all lattices constructible from a family of nested binary linear codes
In the following theorem, we give a sufficient and necessary condition for
from Construction by Code Formula to be a lattice. In addition, when the condition is met, the resulting lattice is the same as the lattice from Construction D.
Theorem 1 Given a family of nested binary linear codes
, the following statements are equivalent.
Proof It is easy to see that 4 ⇒ 1 ⇒ 2 . We have left to show that 2 ⇒ 3 and 3 ⇒ 4 .
On the other hand, it follows from (2) that
Thus, we have Γ CF = Λ CF .
Now, we will prove 3 ⇒ 4 by induction. The case a = 1 is trivial since both Γ CF and Λ D coincide with the lattice constructed from C 0 using Construction A.
where
To avoid confusion, we denote by Λ the lattice given in (4). We now wish to show that Γ CF = ψ(C 0 ) + Λ = {ψ(c) + a | c ∈ C 0 and a ∈ Λ} is equal to
To do so, we will prove by induction that if c ∈ C 0 is a binary sum of
for some a ∈ Λ. The case s = 1 is trivial since one may pick a = 0 ∈ Λ. Let c ∈ C 0 be a binary sum of
Since C 0 ⊆ C 1 is closed under Schur product, c ′ * b j s ∈ C 1 , and so 2ψ(c
as desired. We can now conclude that Γ CF = Λ D , and this finishes the proof of the theorem.
⊓ ⊔
The above theorem explains why Construction D and Construction by Code Formula have both been successful in constructing and encoding Barnes-Wall lattices. This is due to the fact that a family of Reed-Muller codes is closed under Schur product. For the same reason, Construction D produces a unique lattice despite many choices for the basis of Reed-Muller codes. This is summarized in the corollaries below.
Corollary 2 If a family of nested binary linear codes
is closed under Schur product, then Construction D and the code formula yield the same lattice. 
Corollary 3 If a family of nested binary linear codes
We also would like to note that the property of being closed under Schur product generalizes Forney's concept of "carries" [5, page 1133] . It was shown that if a lattice is decomposable as Λ = ψ(C 0 ) + 2ψ(C 1 ) + 4Z n , then the carries of the sum (i.e., Schur product) of any codewords of C 0 is in C 1 .
If a chain of codes
is not closed under Schur product, then we know from Theorem 1 that Γ CF = ψ(C 0 ) + 2ψ(C 1 ) + . . . + 2 a−1 ψ(C a−1 ) + 2 a Z n is not a lattice. However, one may easily construct another chain of codes 15 is not a lattice and is a strict subset of the lattice Λ CF . We note here that the sum of the entries of an element in this lattice is divisible by 8. Now, we denote by C 1 the smallest code that contains the Schur product of elements in C and C 2 the smallest code that contains the Schur product of elements in C 2 . It follows that C 1 and C 2 are the shortened second and third order Reed-Muller code and have a parity check matrix 1 1 1 1 0 0 0 0 0 0 0 0 0 1 1 0 0 1 1 0 0 0 0 0 0 0 0 1 0 1 0 1 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 1 1 0 0 1 1 0 0 0 0 0 0 0 0 1 0 1 0 1 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 . In other words, the constant v takes on different values depending on the choice of R. Again, let ψ be the natural embedding of F n 2 into R n . We give a broader definition for Construction by Code Formula to include complex lattices below. The complex construction corresponds to the complex code formula given in [5] Definition 4 (Construction by Code Formula) A lattice Λ CF over R is obtained from Construction by Code Formula using a family of nested binary linear
Define the polynomial quotient ring U a := F 2 [u]/u a where u is a variable. A linear code over U a is a submodule of U n a . The code C corresponding to a generator matrix G ∈ U k×n a is given by C = {uG | u ∈ U k a } where matrix multiplication is over the ring U a and k is the rank of the code. One may embed U a into R via the mapping Φ : U a → R given by
We will also use Φ as a bit-wise embedding from U n a into R n . The following construction is due to [8, 9] .
The next proposition shows that there exists a correspondence from a chain of binary linear codes
2 to a linear code over U a such that Γ CF and Γ A ′ from Construction by Code Formula and Construction A ′ , respectively, coincide. This will prove that Γ A ′ is generally not a lattice, and any lattice constructible using Construction by Code Formula is also constructible using Construction A ′ .
Proposition 2 Let
2 be a family of nested binary linear codes and
There exists a linear code C over U a such that Γ CF = Γ A ′ where
be a generator matrix for C a−1 such that the first k i rows of G generate C i . That is, one may write G as
where the k i × n matrix
Let C be the code over U a generated by a generator matrix
, and let
We will prove that Γ CF = Γ A ′ .
Fix an element x ∈ Γ CF . By construction, one may express x as
be a vector such that
Now, one may multiply the entries of d i by powers of u and append 0 as necessary to obtain
such that
Thus, we have
It follows that
and so x ∈ Γ A ′ . We may now conclude that Γ CF ⊆ Γ A ′ .
On the other hand, for any d ∈ U 1×k a , the coefficient of
must be a linear combination of the rows of
for some c 0 ∈ C 0 , . . . , c a−1 ∈ C a−1 . It follows that Γ A ′ ⊆ Γ CF , and this finishes the proof of the proposition. ⊓ ⊔ Corollary 4 If a code C over U a can be expressed as
a Z n from Construction A ′ for the reals is a lattice.
Note that the previous corollary provides us a glimpse of the necessary condition for Construction A ′ to produce a lattice. To describe the precise condition, we now focus on Construction A ′ for the reals and generalize Schur product to polynomials and elements in U n a . The details are given as follows.
a . The entrywise multiplication of x and y (known also as Schur product or Hadamard product of polynomials) is given by
Alternatively, one may write w, z ∈ U n a as w = w 0 + w 1 u + . . . + w a−1 u a−1
We say that a code C over U a is closed under shifted Schur product if and only if, for any codewords c 1 and c 2 of C, (c 1 * c 2 )u is a codeword of C. We now state the necessary and sufficient condition for Construction A ′ to give a lattice in the following theorem.
Theorem 2 Let C be a code over U a . The set Γ A ′ = Φ(C) + 2 a Z n from Construction A ′ is a lattice if and only if C is closed under shifted Schur product.
Proof We will first prove that if c 1 and c 2 are codewords of C, then
for some l ∈ Z n . Write c i as
where c i,0 , . . . , c i,a−2 , c i,a−1 ∈ F n 2 and i = 1 or 2; therefore,
Now, it follows from (2) that
Since Φ((c 1 * c 2 )u) = ψ(c 1,0 * c 2,0 )2 + . . . + ψ(c 1,a−2 * c 2,a−2 )2 a−1 , the desired result follows.
If C is not closed under shifted Schur product, then there exist c 1 ,
a to an element in Φ(C), we conclude that Γ A ′ is not a lattice.
We are left to show that if C is closed under Schur product then Γ A ′ = Φ(C) + 2 a Z n from Construction A ′ is a lattice. It is not hard to see that Γ A ′ is discrete. Let c 1 , c 2 ∈ C. The smallest degree of c 0 +c 1 u+. . .+c a−1 u a−1 ∈ U a is the smallest i such that c i = 0, with a convention that the smallest degree of 0 is a. We say that k is the smallest degree of c 2 if the minimum of the smallest degree of entries of c 2 is k. We will prove by backward induction on k that Φ(c 1 )
If the smallest degree of c 2 is a then c 2 = 0 and the result is obvious. If the smallest degree of c 2 is a − 1, then it follows from (5) that
for some l ∈ Z n . Since (c 1 * c 2 )u = 0 in U a , we have that
Suppose now that the smallest degree of c 2 is 0 ≤ k < a − 1. Again, we have
for some l ∈ Z n . Since the smallest degree of (c 1 * c 2 )u is k + 1, we apply the induction hypothesis to c 1 + c 2 and (c 1 * c 2 )u and conclude that Φ(c 1 ) + Φ(c 2 ) ∈ Γ A ′ . It readily follows that Γ A ′ is closed under addition.
Finally, for any c ∈ C, we have
Proposition 2, Corollary 4, and the above theorem relate in the following manners. Given a chain of binary codes
can be seen as a code over U a . Under such perspective, Φ(C) + 2 a Z n from Construction A ′ and the code formula
is closed under Schur product, then C is closed under shifted Schur product, and so Φ(C) + 2 a Z n must be a lattice. Nonetheless, since the converse of the first statement is not true (i.e., a code over U a is not necessarily a direct sum of binary codes), one may apply Construction A ′ to such a code and obtain a lattice that is not constructible using Construction by Code Formula. The next example will demonstrate this presumption. Example 3 Consider a code C of length 2 over U 3 generated by a generator matrix
Then, we have C = {(0, 0), (u, u), (u 2 , u 2 ), (u + u 2 , u + u 2 ),
(1, 1 + u 2 ), (1 + u 2 , 1), (1 + u, 1 + u + u 2 ), (1 + u + u 2 , 1 + u)}, and it is not hard to see that C is closed under shifted Schur product. We apply Construction A ′ over the reals and obtain the lattice {(0, 0), (2, 2), (4, 4), (6, 6) , (1, 5) , (5, 1), (3, 7), (7, 3)} + 8Z
2 as shown in Figure 1 . Note that this lattice is not constructible by Construction D, Construction D ′ , or Construction by Code Formula. However, it was mentioned by a reviewer that this lattice can be obtained via Construction A using the 8-ary code C = (1,5) ⊆ Z 2 8 . Figure 2 summarizes the connections between Construction D, Construction D ′ , and Construction by Code Formula of lattices from nested binary linear codes and Construction A ′ of lattices from codes over the polynomial ring F 2 [u]/u a . While Construction by Code Formula and Construction A ′ are useful in the construction of Barnes-Wall lattices, we demonstrate that they may generate nonlattice packings. We give an exact condition for the two constructions to yield a lattice and further relate Construction by Code Formula to Construction D. Future work involves studying complex counterparts of Construction by Code Formula and Construction A ′ , along with possible properties and parameters of lattices from these constructions. Another direction is to derive a relationship between code formula and Construction D ′ in a similar fashion to code formula and Construction D. In addition, we see that binary codes can be combined to create a code over U a where the two objects produce an identical lattice. It would be interesting to see if binary codes can be weaved together to create a code over Z 2 a in such a way that lattices constructed from such a code correspond to lattices from the multilevel constructions.
Conclusion

